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“A theory is the more impressive the greater the sim-

plicity of its premises is, the more different kinds of

things it relates, and the more extended is its area

of applicability. Therefore the deep impression which

classical thermodynamics made upon me. It is the

only physical theory of universal content concerning

which I am convinced that, within the framework of

the applicability of its basic concepts, it will never be

overthrown.”

A. Einstein (1946)
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BASIC EMPIRICAL FACT:

Under “adiabatic conditions”, certain changes of the

equilibrium states of thermodynamical systems are pos-

sible and some are not.

SECOND LAW OF THERMODYNAMICS:

The possible state changes are characterized by the in-

crease (non-decrease) of an (essentially) unique state

function, called ENTROPY, that is additive on sub-

systems.
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The Second Law is one of the few really fundamental

physical laws. It is independent of models and its

consequences are far reaching. Deserves a simple and

solid logical foundation!

Subject of lecture: An approach to the basic princi-

ples behind the second law, in particular a definition

of entropy, based solely on the concept of adiabatic

accessibility without recourse to Carnot cycles, ideal

gases or statistical mechanical models.
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Paradigmatic situation:

System

+ Gorilla equipped with some machinery

+ a weight

The Second Law predicts what the groilla can do and

what it can’t.
5





BASIC CONCEPTS:

Thermodynamical systems, simple or compound; equi-

librium states X, X ′ . . . and state spaces Γ,Γ′, . . . ; com-

position of states, (X, X ′) ∈ Γ × Γ′; scaled copies,

λX ∈ λΓ

BASIC RELATION BETWEEN EQUILIBRIUM STATES:

Adiabatic accessibility, denoted by

≺
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Operational definition (inspired by Planck’s formula-

tion of the Second Law):

A state Y is adiabatically accessible from a state X,

in symbols X ≺ Y , if it is possible to change the state

from X to Y in such a way that the only net effect

on the surroundings is that a weight may have risen

or fallen
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NOTATIONS:

If X ≺ Y or Y ≺ X we say that X and Y are compa-

rable.

If X ≺ Y but Y 6≺ X we write

X ≺≺ Y.

If X ≺ Y and Y ≺ X we write

X ∼A Y.
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SECOND LAW (ENTROPY PRINCIPLE):

There is a function called entropy, defined on all

states and denoted by S, such that

a) Monotonicity: If X and Y are comparable, then

X ≺ Y if and only if S(X) ≤ S(Y ).

b) Additivity and extensivity: For compositions and

scaled copies of states we have

S((X, X ′)) = S(X) + S(X ′) and S(λX) = λS(X).
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The codification of the list of state pairs that are

adiabatically accessible from each other in terms of

a single function S has enormous predictive power.

The additivity and extensivity are also essential. First,

they guarantee (essential) uniqueness and secondly

they simplify greatly the experimental or theoretical

determination of entropy. For instance, in order to

predict the efficiency of a geothermal power plant it

suffices to know the properties of 1 kg of H2O.

10



MAIN QUESTIONS:

Q1: Which properties of the relation ≺ ensure exis-

tence and (essential) uniqueness of entropy?

Q2: Can these properties be derived from simple

physical premises?
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FURTHER QUESTIONS:

Q3: Which convexity and smoothness properties of

S follow from the premises?

Q4: Can temperature be defined from entropy and

what are its properties?

Q5: Can the entropy of mixing or of a chemical reac-

tion be determined without invoking ‘semipermeable

membranes’?
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THE CONDITIONS ON ≺:

A1. Reflexivity : X ∼A X.

A2. Transitivity: If X ≺ Y and Y ≺ Z, then X ≺ Z.

A3. Consistency : If X ≺ X ′ and Y ≺ Y ′, then

(X, Y ) ≺ (X ′, Y ′)
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A4. Scaling Invariance: If λ > 0 and X, Y ∈ Γ with

X ≺ Y , then λX ≺ λY

A5. Splitting and Recombination: X ∼A ((1−λ)X, λX).

A6. Stability : If (X, εZ0) ≺ (Y, εZ1) for some Z0, Z1

and a sequence of ε’s tending to zero, then X ≺ Y.

CH. Comparison Hypothesis for Γ: Any two states in

(1− λ)Γ× λΓ are comparable, for all 0 ≤ λ ≤ 1.
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NOTE: Conditions (A1)-(A6) are all highly plausible

if ≺ is interpreted as the relation of adiabatic acces-

sibility in the sense of the operational definition.

Condition (CH) is not so simple, but it is essential

for the existence of an entropy that characterizes the

relation on compound systems made of scaled copies

of Γ.
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UNIQUENESS OF ENTROPY:

Pick two reference points X0 ≺≺ X1 in Γ and let X be an arbitrary

state with X0 ≺ X ≺ X1. For any entropy function S we have

S(X0) < S(X1) and S(X0) ≤ S(X) ≤ S(X1) so there is a unique

λ between 0 and 1 such that

S(X) = (1− λ)S(X0) + λS(X1).

By the properties of entropy this is equivalent to

X ∼A ((1− λ)X0, λX1). (∗)

Another entropy function S′ also leads to (*) with λ replaced

by λ′, but from the assumptions A1-A6 and X0 ≺≺ X1 it follows

easily that (*) can hold for at most one λ.
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THEOREM

From assumtions A1-A6 and CH it follows that

λmax := sup{λ : ((1− λ)X0, λX1) ≺ X}

satisfies

X ∼A ((1− λmax)X0, λmaxX1).

For this, comparability of all states in (1 − λ)Γ × λΓ

(not only of those in Γ) is essential!

Remark: λmax = inf{λ : X ≺ ((1− λ)X0, λX1)}.
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With the choice

S(X0) = 0 and S(X1) = 1

for some reference points X0 ≺≺ X1, we now have

an explicit formula for the entropy

S(X) = sup{λ : ((1− λ)X0, λX1) ≺ X}

= inf{λ : X ≺ ((1− λ)X0, λX1)}

that uses only the relation ≺ and makes neither appeal

to Carnot cycles nor to statistical mechanics.
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To summarize, the main conclusion so far is:

The existence and (essential) uniqueness of entropy is

equivalent to the (very natural) assumptions A1-A6

about the relation of adiabtaic accessibility plus the

comparison hypothesis, CH.

However, CH is not at all self evident, as can be seen

by considering systems where “rubbing” and “thermal

equilibration” are the only adiabatical operations.
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An essential part of our analysis is a derivation of the

CH from additional assumptions about SIMPLE SYS-

TEMS which are the basic building blocks of thermo-

dynamics. At the same time we make contact with

the traditional concepts of thermodynamic like pres-

sure and temperature.

The states of simple systems are described by one

energy coordinate U (the First Law enters here) and

one or more work coordinates, like the volume V .
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KEY ASSUMPTIONS

• The possibility of forming “convex combinations”

of states of simple systems with respect to the

energy U and the work coordinate(s) V .

• The existence of at least one irreversible adiabatic

state change, starting from any given state.

The classical formulations of the second law follow

from this.
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This, plus a mild regularity assumption about the pres-

sure implies

THEOREM

Any two states X, Y of a simple system are comparble,

i.e., either X ≺ Y or Y ≺ X.
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But to define S we need more, namely comparability

for all states in (1− λ)Γ× λΓ, not only in Γ!

The additional concept needed is

• Thermal equilibrium between simple systems, in

particular the Zeroth Law.

In essence, this allows to make one simple system out

of two and the previous results can be applied.
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MAIN THEOREM

The comparison hypothesis is valid in arbitrary scaled

products of simple systems. Hence the relation among

states in such state spaces is characterized by an addi-

tive and extensive entropy, S.

The entropy is unique up to an overall multiplicative

constant and one additive constant for each ‘basic’

simple system.

Moreover, the entropy is a concave function of the

energy and work coordinates, and it is nowhere locally

constant .
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The uniqueness is important! It means that entropy

can be determined in the usual way from heat capac-

ities, compressibilities etc by integration:

∆S =
∫ dU + PdV

T

But first we must define T ! This can be achived by

the usual formula

1/T =
(

∂S

∂U

)
V

because S can be proved to be differentiable.
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Finally, it is possible to consider also mixing processes

and chemical reactions into account. Without ever in-

voking idealized ’semipermeable membranes’ it is pos-

sible to shift the entropy scales of the various sub-

stances in such a way that X ≺ Y always implies

S(X) ≤ S(Y ). The converse, i.e., that S(X) ≤ S(Y )

implies X ≺ Y provided X and Y have the same chem-

ical composition, cannot be guaranteed a priori for

mixing and chemical reactions, but it is empirically

testable and appears to be true in the real world.
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CONCLUSIONS

A line of thought that can be traced back to C.

Carathéodory, P.-T. Landsberg, H.-A. Buchdahl, G.

Falk, P. Jung and R. Giles has led to an axiomatic

foundation for thermodynamics.

What, if anything, has been gained compared to the

usual approaches involving concepts like ’quasi-static

processes’, ’heat’ and ’Carnot machines’ on the one

hand and statistical mechanics on the other hand?
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1) It is not necessary to introduce intuitive concepts

like ’heat’, ’hot’, ’cold’, ’quasi-static processes’ nor

’semipermeable membranes’ as primitive concepts. Also

’temperature’ becomes a derived concept.

2) In order to define entropy, there is no need for

special machines and processes on the empirical side,

and there is no need for assumptions about models on

the statistical mechanical side. Entropy is seen as a

codification of possible state changes that can be ac-

complished without changing the rest of the universe

in any way except for moving a weight.
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Just as energy conservation was eventually seen to be

a consequence of time translation invariance, in like

manner entropy can be seen to be a consequence of

some simple properties of the list of state pairs related

by adiabatic accessibility.

If the second law can be demystified, so much the

better. If it can be seen to be a consequence of simple,

plausible notions then, as Einstein said, it cannot be

overthrown.
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